| DEFINITE INTEGRATION |

Page # 23

EXERCISE - Il

0

. J' dx
Sol.l (i)I= X2 4 2%+ 2

—00

o0
J' dx » - P [ T
= J1ixsp2 TN x+ DI%, 27 2

T dx T
ii = T, = ~1 7 =— =
(i) | T /xz—l sec x |3 >

4.2
» X“+1-1
(”')I:-[—x+1 dx
0

- 4 4
:I(X_)X+l+x:2
0 0

16
:7—4+€n5 =4+/(nb5

1-sin xj

Sol.2  f(x)=¢n [1+ Sinx

~ 1+sinx _ 1-sinx _
(%)= 1 ginx ) =M |13 sinx ) =~ T®)

Odd function

Tf(x)dx - _]%f(x)dx
a b

a . a .
_ J‘m 1—s!nx dx ~ J‘m 1+s!nx
- ! 1+sinx - ! 1-sinx

2
Sol.3 () | = I[ledx
b

Put x2 =t

+ /n(1+ x)|:)1

HINTS & SOLUTIONS

to0 . fdt _fdt _fat
_ 1| |—=dt+|—=+2|—=+3|—+
=3 !ﬁ ”{ﬁ*!ﬁ* iﬁ
= S1@ B2+ 4 ()2 + 64 )y
:%[Zﬁ—2+4f—4ﬁ+6x2—6@]

:%[10—2\/_—2\/51 =5-y3 -2

1
i) | = I[cos’lx]dx
-1
cosTx=t
X = cost
dx =—sintdt

[t]sintdt _ j[t]sint dt
0

Q O

1 2 3 n
- Io.sintdt+ Il.sintdt+ Iz.sintdt+ .[S.Sintdt
0 1 2 3

= —{[cost|? + 2cost[3+ 3 cost|§]

[cos2—-cos1+2cos3—-2cos2—3-3cos3]
=—[-cos2—-cos 1-cos 3-3]
=[3+cos1+cosl+cos3

1

: [X]
G 1= [
-1
0 1
-X X [0 1
:je dx+jedx = —e X 4+ eX
he} 0 -1 0

=—[1-e]+[3-1 =2e-2

nl/4
(”) | = le"1X|dX
-n/4
0 nl4
| = .[—sinxdx+ Isinxdx
-n/4 0

= cosx %4 — cosx[g™'*
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3
(iii) = J.|x+2|dx

-3

_J.|X+2|dx+]ri|x+2|dx

-5 -2
-2 2 P
X
== [(x+ 2+ *2X
b -2

25

2
=-8+ -+ 412 =4+25

v) 1=

-nl4

1
o
+

=_ 2—4—§+10 —+10-2+4
2 2

/4 2
J' 1+ tan“ x
0

nl4
J' sec? xdx

T
2 o 1+ 3tan® x

Put tanx =t = sec?x dx = dt
1 1
_[ dt _[ dt

2 = 2
5 1+ 3t 5 1+3t

6
=g 3+ 3= fan 3 0]

l\.)l:l
ola

2 T
T T I 3
= .3 — -
6 * 3 18 643

21+ tan? xX)—-(1- tan? X)

Sol.5

1
2 2%
. sin X
) '([ (1+x J
Put X =tan 6
dx = sec20 do
tan~t1

jsin’l(sinze)secz 0d0 g<g< &
4
0

nl4
2
_ [20.sec?0d0 0<20<™
0 4
nl4
=2 jeseczede
0
i nl4
-2 [Otano]3’4 - Itanede
0

1
- —\E}:g—%n\/_ ——/n2

T
=2 2 >
t xtan "t x
. _ | —/———"=dx
(i) I = ;[(1+x2)3/2
Put x=tan® = dx =sec20do
/4 2 nl/4
tan0.sec“ 0do .
_ ————— ——— _ 16.sin6d0
- -[ sec3o - I
=[-0 cos O%/4] +sin 0 3/4
b8 i 4—-n
TTa2 T 27 a2
1
(iii) | = szsm xdx
0

Put sin'x=6
X =sin 0
dx = cos0 do

n/2
.[e .sin®0 cos0 do

. 391'6/4 n/2

=9 sino 1 Isinzede
. 3 3

0

‘Morion
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/2 sin® 1
-t 1_ I (I———sinSGJde
23 4 12
0
1 [_ cose+00539T’2 2
"6 3 4 36 Jo "6 9
/3 oy
]
(IV) | = Itan (1_X2de
0
Put Xx=tan 6 = dx =sec?6 do
/3
= J.tan’l(tan 20) . sec20 do
0
nl4 n/3

_ Ize.sin26d6+ I(x—ze)seczede
0

nl4

12
n_[ sin20 do

Sol.6 (i) I = : sin® 0+ cos? @

n/2 . n/2 2
J‘ 2sin® cos0 do J‘ 2tan6 sec“ 0

5 sin® 0+ cos? 0 = 0 1+tan* @
Put tan20 =t

2tand sec20 do = dt

dt i
= =tan~" (tan? 0) /2 = =
j1+t2 (tan6)lg 2

/2

(i) | = J.x/cosesin36d6
0

Put cosO = t2
sind do = -2t dt

0 1
2 4
:—2J.t(sin2 o)t dt :_2J.t (A+t™)dt
1 0

J. sSinX + coS X
(i) 1= o 4-+16(sin2x)

nl4 .
J' SINX + COS X

5 dx
9+ 16[1—(sinx —cos)“]

0

Put sinx — cosx =t
(cosx + sin x) dx = dt

0

dt 1? dt

0
Jsmea -
= _ 2\ = _ 2 =— T
_19+16(1 t9) _125 16t 16 ‘1(5j 2

1
1 4 1
= — |-/n=|= — = —
40 9| 20M9% 50 M
4

b
dx
Sol.7 () 1= I Jx-ayb-x)

put X = a c0s20 + b sin20
dx = (b—a)sin 20 d6
Lower limit a = a cos20 + b sin20
06=0
Upper Limit b = a cos26 + b sin%0
b cos?6 + a cos?0

= cos0=0 = 0=

z
2

12
nJ‘ 2(b—a)sinbcos6
| =

(b—a)sinfcosp 40 =7

b
i) ,:I (x-9)(b—x) dx
0
Put X = a c0s20 + b sin20
dx=(b—a)sin 26 d6

t3 t7 1 11 nl2
— 7 8 in?9cos? 0do
=2 _2[ __} f o =2 (b—a)? jsm cos
3 7, 3 771 (b-a) 5
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b ) n/2. X X
_ (b-a) J.sm fcos-0do

2 0

b ) n/2' X

_ (b-a) Ism 0do

2 0

nl2

_ (b_a)z J‘(l— COSOJ _ X(b a)

2 8

Jsinx
Sol.8 (i) I erm dx By king

dx

j‘ COS X

5 Jsinx + +/cos x

/2

Jrax oa=Z s
0

2 z
2 4

n/2 sinx

¢ d
(i) 1= ) Tsnx  cosx 9%
0 e +e

Use king

/2
eCOSX

= “.sinX , .COSX
@SinX | CosX

dx

O

(iii) = \/— \/—

King

va—X
a— X+\/_dx

O'-—;SD

a
= [lox g
0

=2
T2

/2 .
J. asinx +bcosx

(iv) | = - dx
SinX + Ccos X
King
n/2 .
acosx +bsinx
| = — —  “dx
sinX + cosx

Add

n/2 . . .
asinx+bsinx +acosx +bsinx
2| = J. dx

- 5 SinX + COS X

/2
nJ‘ (a+b)(sinx + cosx) dx
= (sinx + cosx)

2|:(a+b)g

|:@+m§

2

Sol9 |I= I{ZX}dX
-1

_ _dt 1 fsyat
2x-t:>dx-2—2__"2

(=Y

0 4
_1 j{t}dt L1 j{t}dt
-2 29

0 1
_1 I(t—[t])dt . 2jtolt
-2 0

N[

2 0 -1 -1 0
_1 % 1 I(—Z)dt ~ j(—z)dt I(—l)dt+1
5 25 - c

:%[0—4]+(—1+2)+%(OH)+1

1 3
=1+1+=+1=—
2 2

MoTioNn
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107 f(y2)=5942) m5.g'(J2) = 9(42)=0
() 1= J(sinx]+|cosx]dx
0 (3)= 2242 _ 42
9N2) = s T s
107 107w \/_
i 42
= !'5'”""3"‘ ¥ !'COSXMX f(J2)=1m5. 5 =45
j j
. a2 2
=10 |Isinx|dx 4 10 |l cosx|dx sin’ x B Cos” X B
0 0 Sol.12 f(x) = IS'” Vege+ ICOS Jedt
=10x2+10x2=40 0 0
'(x) = sin~" sinx (2 sinx cosx)
Sol.10 F (—x) =—f(x) + cos™ cos x. (- 2 cosx sinx)
f(x + 1) =f(x) =X (sin2x) + X (- sin 2x)
f(x)=0

o = 1O
0

SII"IX
Sol.13 (i) PT. — < I
X7 AT nl4
ox+T) = [foydt = [fydt + [f(t)at
fioa = froa - | 4
w2
T/2 2+T
= §(x) + j f(t)dt + j f(t)dt 32\/5
TI2 T
) o = ==
Sub u+T=t 4 3
du=dt (g_g]ﬂ S (E‘EJ
Ti2 X 3 4) 2n n\/E 3 4
_ f(t)d f d
=f(x) + ;[(t) t . T"./2(4+T) u . N N .
12 2n V2 T 12
T/2
= o) + J.f(t)dt J.f(u)du VB 2
-T/I2 8 6

3
T X
- 400 + | Ot 4 [Tat (i) 4< {V3+X3 dx <230
X

-T/2
Itis aincreaisng function
T2

=¢(x) + If(t)dt — a as on odd function

-T/2 V307 \\\\
§Ox+ T) = (4) ,
Sol.11 f(x) = 59% ///

f'(x) =599 /n5 . g'(x) 3

2
X
t x?

- |————dt "y)= —————
909 = -)[In(1+t2) = I00= i)

@B-1)x2<I<(3-1) 30
4<1<2./30
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Sol.16 | = If(x)g(x)(a - x)h(a - x)dx

iy lim i
sol.14 (i) Jm Z\/— 0
a
nj . _ If(a—x)g(a—x)h(a—x)dx
N 0
“n 1

= jf(x)[ a(x )]{3'“") S}d

i dx _ a 5 a
7 - sin1x | __ 3 J.f(x)g(x)(h(x)dx+— If(x)g(x)dx
0 -X 4 4
0 0
=sin-11-0 By using again queen
n =3 1=0
= E T = I=

l n n n n X 2 X,

im 1+\/ + +\/ +..+ ZX o—Z _ X4 -z°/4

(1) n 5o n+3 Vn+6 Vn+9 \/n+3(n—l) Sol.17 Ie e “dz=e Ie dz
0

0
n n X
_ lm 3 > J'e(X—Z)ZdZ x—constant
noo o n+3r 0 t— Variable
Putz = X+
N =X+
2 1 2
_im 32 N =3 T =2
T no® g r=01/1+3| —| ~ 1+ 3% - x [ X+t x-t ﬁ,ﬁ
n 0 L 202 )" 1t
= — € = — .[e dt
2 2
x e
T cos? x X 2 24
Sol.15 | = jecos X cos®(2n + 1)x dx = je 4 e hgr _ oX14 J.e dt
0 0 0

If n € even integer assume n =2

Sol.18
U 2 X XZ
_ J'ecos X c0s3 5x dx J.Ol(le)dX=xx—7 ; >1<e[0,1]
OT F(x) = Io(l—x)dx+j1 0dx =2 x € (1,2]
1 2 X 1 1
@-x)dx+ [Todx + [ (2-x)2dx==-22-%)3;xe(2 3]
f(n — x) = — f(x) J Jyoc- 23
=0 check the continuity atx = 1, 2
If n € odd integer assume n=1 1 1
FA)==|F2)==
. (1)= 5 F(27) >
| = J.ecoS X cos? 2x dx F(1%) = L F(2%) = 1
2 2
0 1 1
F) == | F2) =3
By applying again given f(r —n) =—f(n)
=0 Hence F(x) is continuous [0, 3]
M 0T<i> ON::" 394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
Nurfuring potential through education | | VRSNO. 0744-2439051, 0744-2439052, 0744-2439053, www.mationiitjee.com, email-info@motioniitjee.com




DEFINITE INTEGRATION

Page # 29

check the differentiability at x =1, 2

1-x if 0<x<1
Fx)=| O if 1<x<2
(2-%)% if 2<x<3

F'17)=0|F'(2)=0
F'(1*)=0|F'(2")=0
F'1)=0 |F'(2)=0

Hence F(x) is differentiable at x € (0, 3)

Sol.19 There are 3 cases
1
Case-l whenOSXslzj | x —t].cosntdt
0

X 1
= I (x - t) cosnt dt + J.(t—x) cosnt dt
0 X

[Using by parts T]

2 cosnx

=— nz

1
Case-ll Whenx<0 = I|x—t|.cosmdt
0

1 2
= J.(t—x) cosntdt =— n—z
0

1
Case-lllwhenx>1 = .[|X—t|.COSntdt

0

X

= J.(x—t) cosnt dt =%
1 Y

1

Integrates by using by parts taking sin pt as

second function.
1 1 t
- [2snaes2t] Jrcos 2 o
P Jo o P
2 2

1
=—Z sinqcosp+ <4 Icostcospt dt
p P 3

. 1 1
2 2q {costm} L4
=——sinqcosp+—
p SN ACOSP T [ Pl P

1
+i J.sinp+sintdt
P p

N

2 2q
:—Eschosp+Fsmpocosq+

U|Q
N

| 2q 2
I _p_z = sincosq— - singcosp

p
(b) Givenp=q

1
| = J.Zsin2p+dt
0

1 . 1
_ j(l—cosZpt)dt _ {t_%}
0 2p

sin2p 1 (2'[anp)/(1+tan2 p)
2 T 2p

2p p?

T (1+p?)2p T 14p?

=1

Sol.21 f(x)= %

Sol.20 1= | 2sin(pysin(at)at cosx
o (5=
(@) If P & g are diff. roots of the equation (2 a Xj
tanP=P, tang=q
L N /2 TE N Tr,IZSinX cos X
| = .[Zsinpt sin(qgt) dt 2 -! f(X)f[E—njdX Y -([ X [n_xj dx
0 2
394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564 M oT |> ON
IVRSNo. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitj ee.com, email-info@motioniitjee.com Nurfuring potential through education




Page # 30 | DEFINITE INTEGRATION

/2

I SN2y Sol.23 |= I—d,—x
=T 0 2X(x —2m) ' o (X+_1+x2)"
Put X =tano
. nl2 . dx = sec20 do
sin2x sin2x
-7 I dx+ I dx /2 /2
2X 0 X —2X J. sec?0do I cos"20do
- 5 (tan0 + sec )" ~ (1+sino)"
I |n2x King

0

o o\"?
Put2x=t = 2dx=dt TI/Z(ZSanCOSZJ doe

/2
“I sin"29de
5 (1+cos®)” ~ 0 (20052 gj

ISI—mdt _ js'”"dt _ js'”“dx _ If(x)dx
0

12
1 J~ sin"” 2(6/2)
T4 5 cos”+2(9/2)

1
-([(5+2x 2x2)(1+ 24y X

Sol.22.
nl2 | n-2
1 J. sin’ <(6/2) 1
Use king's property ~ 2 0 cos"2(0/2) " cos*(0/2) d
1
J~ dx /2
[5+2(1— X) — 2(1— x)?](L+ e2~41X)y _1 .[ tan"” 1+tan? 2 |sec?( £ |ao
0 4 2 2
0
Jl' put tan LA
o (5+2x~ 2x2 )(1+e (2 4X)) 2
1 0
— sec? — do =dt
. 1 5 sec? o
I i I dx
0(5+2x 2x° )(1+e ) 1 1
_1 jt”‘2(1+t2)dt _1 I(tn_2+t”)dt
29 29
1 1
J, dx 1 J.5 dx
2l = 05+2x—2x2 2 OE‘*‘X—XZ 1 -1 g+l i1 1 n
T %2|n-1 n+l| "2 |n-1 n+1| p2_1
1
B 1J' dx
4711 1Y i
Wl Sol.24 j({zx}—l) ({3x} -1) dx,
0
1 \/ﬁ+1
= = | (2x-[2x]-1) (3x —[3x] -1) dx
Jﬁf”(Jﬁ—lJ I( [2x]-1) (3x - [3x] - 1)
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1/3 1/2
_ J.(Zx—l) (3x —1) dx + J.(Zx—l) (3x — 2) dx
0 1/3
2/3

+ J@x-2)3x-2)dx+ j(zx 2) (3x - 3) dx

1/2 2/3

19
72

f(t
Sol.26 g(x) = _[ ()dt

X

g =- 2

xg'(x) =-f(x)
Integrate both the side w.r.t.x.

a

a
jx.g’(x)dx =_ If(x)dx
0

0

a a
X g(x)[@ — jg(x)dx - If(x)dx
0 0
a a
g(x) - fg(x)dx =_ J.f(x)dx
0 0

[Qq _,

90 =
0
f(t
mm-f()m-o
0

a a
_ Ig(x)dx _ If(x)dx
0 0

Tg(x)dx - ]%f(x)dx
0 0

Sol.27

Sol.28

X

J‘ xdx
I= 5 9cos? x + sin? x

T (n - x)dx
I= 9cos? x + sin? kag

add

T
I dx
2= no 9cos? x + sin? x

queen

nl2

J‘ dx
21 =2n 0 9cos? x + sin® x

n/2
dx

2 2

==
o 9c0s“ X +sin“ x

nl2
J. sec? x dx
I = 5 tanZx +9

Puttanx =t = sec2xdx=dt

o0

Idt =T —1100_2[5}_%
n0a+t2_3 an 3, ~3l2] " &

x/2 -
1-sin2x
1+sin2x

0

x/2 -

_[ COSX —SinXx J‘

= ! \/(cosx+sinxj dx =

0 COS X + SinX

2 .
cosX —sInX

dx

By using queen properly

COSX —Sinx
1=2 j ( jdx

COSX + SinXx
Letcosx +sinx =t
(cosx — sin x) dx = dt

2 4
=2 IT = 2[nt?
1

1

1=2[/nv2] = 1=/(n2
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e
n
Sol.29 In= I(an) dx
1

e
n11

= x (fnx)[$ — In(énx) XX

1
In=e(/me)"—nl, _,
In+n |n_1 =—e
Putn=1, 2, 3 respectively
I3+ 3l,=e (1)
l,+2l,=e (2)
.(3)

n/2
J.ZSin XCO0S xtan’l(sec x)dx
0

Sol.30 I =

Put sinx =t
cosx dx = dt

t2

1 2
-1 t -1
- 2J.t(tan x)dt — o {—tan t.[ 5
0 2 1+t

dt
1+12

=t tan 't — Ildtf
=t?tant-t+tan t [ =

Y
5 -1

nl4

J- xdx
Sol.31 I = o COSX(COX +Sinx)

nl4
nl4 x dx X dx

.

sin2x

= I 2 . = 1+cos2x
o COS”Xx+coxsinx 0 5

14
" x dx
=2 : 1+ C0S 2X + Sin 2x
King's
nld [B—Xde
4

=2 g

1+sin2x +cos2x

2

Sol.32

nl4
dx

T
2l =2 x% 2 .([ 1+ sin2x + c0os 2x

nl4
T _[ dx
T4 0 2c0s? X + 2sinXcosx
nl4
dx
_ T dx

T4 5 2c0s? x(1+ tanx)
putl + tanx =t
sec? x dx = dt

= g /n (1 +tan x) [

T
— (n2
8

T (x2 ~1)dx
1 x:”\/(xz)2 + (x2 —1)2

4/3
4/3

T o2 T 1

3
o 2t 1+t7

1 2
Let1+t—2:u = _t_3 dt=du

‘Morion
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Sol.33

n-tan 142 =

0

Sol.34

[-+/2 cos x + 2 sin x]g’tanflﬁ -

25/16
1 ﬁ 1 25/16
=% ) Yoty [y
_1 /é_l_z(é_]_z u_1
“o2|Vie |T2l4 )T T VT3
1000y x ¥ = 1990 _ 155
Vv 6

T
| = J.|\/§sinx+2005x|dx
0

J2 sinx + 2 cosx =0

tanx = — /2

(V2sinx+2cosx)dx — I (V2 sinx +2cos x) dx

n-tan 142

[-V2 cosx +2sinxl® _, ~
=/2 cos(tan~' /2 )+ sin(tan™' /2 )—(-,/2 +0)
+ \[2 cosx + 2 sinx +,/2 cos (tan~"./2)

+ 2sin (tan™! /2)

:ﬁ%+2\/§+\/_ —ﬁ +0+%+2%

:GE:NE

5
| = I(\/x+2v2>i—4+\/x—2v2x—4)dx
3

f(x)

f2(x) = X + 242X =4 + X — 22x — 4 + 2x® — 4(2x - 4)

f2(x) =2x+2x2 _gx+16

f2(x)2x+2(x—4)=4x-8

fx)=2x-2
. 5
| = _[ZVX—ZdX _— M
3
3 S
2 3

4 -4 - 4
= S[®%-11= 733 - 1=443 - 3

S0l.35 P= )7 X4dx
o1+
o0
J. dx
R= 14 x4 (1)
0
dt
poutx = — = dx=- 7%
:_I1+t4dt J.l ¢ dt=P
© 0
P=R
szdx
l 01+x4 @
add (1) +(2)
ool+i2 © l+i2
X dx .[—de
20=) -, 1 = [ 1
00X +— 0| X——1|+2
X X
1
Put  x- ==t = |1+ dx=dt
100
J‘ dt? 1 . 1X_; 1 [n}
= S —.5 = " — tan— = T -
2(2)2 ~ 2 2 2 |2
0
Txdx ) t
a—01+x4 Putxc=t = de—?
1 [t 1 n
—— —— —1,q00 - 2
=5 £1+t2 =5 [tan™"t]g = 2
T
P—ﬁ2+R— 2\/5
1 4
:J.[xs—4x5+5x4—4x2+4— 3 jdx
1
0 X< +
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DEFINITE INTEGRATION

1
I sz.lnxdx g g
Sol.37 | = 5 ut x = sin 0, dx = cos do
0 1-—X2 P

n/2
| = J. sin 0/n sin6 de
0

n/2
| = .[ (Mjénsinede
2
0
n/2 n/2
== énsinede—l IcosZOénsinede
2 J. 2
0 0
s
== 1-/n4
g (1-m3)
2 x2 dx h xdx
Sol.38 IZJM_—Z %2 44 —>0 asitis an oddfunction

2

2 2
J. x2dx J'x2+4—4
=2 =2 dx
3\/X2+4 0 \/X2+4
2 2
_ X< +4dx dx
0 0 X 4

X
:2[E U2 at2mx+ 2 4)15-8Mx+x2 4|3

=442 —4m (V2 +1)

1 V3
Sol.39 I= .[ 2tan! x dx + I (n+2tan’1 x) dx
0 1

using by parts

Sol.40

Sol.41

n/2 .
asinx +bcosx
| = .[ dx

(X
0 sSin—+mn
(3]
/2 i
J- asmx+bcosxdx
=2 0 sinX + Cos X
by king's property
acosx +bsinx

/2
_ ——————dx
I = \/E E[ SINX +COS T

12 .
acosx +bsinx
SinX + cos X

4 —sin“ x

sec? x dx dt  2m

Sseexdx g -
4+3tan? x £3t2+4 V3

_ ™3
3
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